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Abstract

Using covariance identities based on the Clark-Ocone representation formula we
derive Gaussian density bounds and tail estimates for the probability law of the
solutions of several types of stochastic differential equations, including Stratonovich
equations with boundary condition and irregular drifts, and equations driven by
fractional Brownian motion. Our arguments are generally simpler than the existing
ones in the literature as our approach avoids the use of the inverse of the Ornstein-
Uhlenbeck operator.
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1 Introduction

Gaussian density estimates for classes of stochastic equations have been extensively studied
in recent years, see e.g. [1], [10], [11]. On the other hand, density estimates for random
variables on the Wiener space have been obtained in [8] based on covariance representations
using the number (or Ornstein-Uhlenbeck) operator —L and its inverse (—L)~!. Recently,
those tools have been combined in [2], [5] and [6] with the Malliavin calculus in order to
derive bounds for the density of solutions of stochastic differential equations driven by frac-

tional Brownian motion and for the density of additive functionals of stochastic equations
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with irregular drifts.

Although the Ornstein-Uhlenbeck operator —L has nice contractivity properties as well
as an integral representation, it can be quite technical to compute in practice. For example,
its application in [2] requires the use of quadratic programming. In this paper we propose
to use covariance representations based on the Clark-Ocone formula instead of the Ornstein-
Uhlenbeck operator. Such covariance representations have been recently applied in [14] to
the Malliavin calculus approach to the Stein method [7]. In contrast with covariance identi-
ties based on the Ornstein-Uhlenbeck operator —L, which relies on the divergence-gradient
composition, the Clark-Ocone formula only requires the computation of a gradient and a

conditional expectation.

This paper is organized as follows. In Section 2, for a one-dimensional random variable on
the Wiener space, we present general Gaussian estimates for the density and the tail proba-

bilities, see Theorem 2.4.

Our main results are then proved in Sections 3, 4 and 5. In Section 3 we apply the formulas
of Section 2 to derive Gaussian estimates for the density and the tails of the solution X; of

a one-dimensional stochastic differential equation (SDE) of the form
dXt = b(Xt) dt+U(Xt) OdBt, t € [O,T], (]_]_)

under anticipating boundary condition Xy = f(X7), see Theorem 3.2. Here the symbol
o denotes the Stratonovich stochastic differential with respect to the standard Brownian
motion (Bt)te[o,T] and f is a differentiable function with bounded derivative. To the best
of our knowledge Gaussian bounds for solutions of these kind of SDEs are not available in
the existing literature. The existence and uniqueness of X; when f is linear and such that
J" < 0 has been proved in [3], cf. also Theorem 3.3.5 of [9]. This result is generalized in

Proposition 3.1 below.

In Section 4 we apply the formulas of Section 2 to derive Gaussian estimates for the
tails of additive functionals of the solution to (1.1), see Theorem 4.1. Particularly, we allow
bounded and measurable drift coefficients and positive, bounded from below and C°(R)

diffusion coefficients. Our proof combines the arguments in [5, 6] and the above mentioned



Clark-Ocone type covariance representation.

Finally, in Theorem 5.2 of Section 5 we provide Gaussian type bounds for the density

and the tails of the stochastic process
t t
X =z —I—/ b(s,XS)ds—i—/ o(s, X,)dBY, t€[0,T)] (1.2)
0 0

where (B/)cpo,r) is a fractional Brownian motion with Hurst parameter H € (1/2,1) and
the coefficients b and o satisfy suitable regularity conditions. Even if our result has some
similarities with the corresponding result in [2], we allow b and o depend explicitly on the
time and our approach is somewhat simpler due to the use of the Clark-Ocone type repre-
sentation. We remark that the existence and uniqueness of the solution to (1.2) is provided

in Lemma 5.1.

2 Density formula and tail probabilities by integration
by parts

Let (B¢)icr, be a standard Brownian motion defined on the filtered probability space
(2, F, (Fi)ier, , P), where F; = o(FP,N), (FP)ser, is the natural filtration of (B;)ier, and
N={AeTJF: P(A)=0}. We denote by 8, the class of smooth random variables F' of the

form
F:f(11<u1>7"-711<un))7 fe e;(Rn) (21>

where Iy (u;) = [5° wi(t)dB; and uy, ..., u, € L*(R;). The Malliavin gradient of a smooth
random variable F' of the form (2.1) is given by

Dl = Zaif(ll(ul)a oy Di(un))ui(t), 2> 0.

i=1
Let ¢ be the Lebesgue measure on R, . It turns out that the operator
D:8 C L*(Q,F,P) — L*(Ax R, TRBR,), PR/

defined by DF = (DF)ier, is closable and we shall denote by D'? the domain of the
minimal closed extension of D, still denoted by D, meaning that D2 is the closure of the

class of smooth random variables &, with respect to the norm

| E |12 = (EHFP] +E UOOO |DtF\2dtD1/2.

3



We define similarly the space D', p > 2. Recall that for any ¢ € C;(R) and F € D"? we
have ¢(F) € DY? and D satisfies the chain rule of derivation

Dip(F) = ¢/(F) D, F, (2.2)

cf. Proposition 1.2.3 in [9]. The operator D also satisfies the Clark-Ocone representation
formula

F = E[F] +/ E[D.F|F,)dB,  FeDY (2.3)
0

see e.g. Corollary 5.2.2 in [13] and the following covariance identity
Cov(F,G) =E [/ E[D:F |F,)D,Gdt|, F,G¢eD"? (2.4)
0

cf. Proposition 3.4.1 in [13], p. 121.

Let now (—L)~! denote the inverse of the Ornstein-Uhlenbeck operator —L = § D where
0 is the divergence operator i.e. the dual of the gradient operator D on the Wiener space.
We recall the following result, cf. Theorem 3.1 of [8]. We denote by Supp(f) the support of

any given function f.

Proposition 2.1 Let F € D'? be such that E[F] = 0. The law of F has a density pr with

respect to the Lebesque measure if and only if the function

gr(x) = —-E [/ D,FD,L'F dt ‘ F = x} : z € R,
0
satisfies grp(F) > 0 a.s. In this case Supp(pr) is a closed interval of R containing 0 and we
have
Bl £ ( / u )
z) = exp | — du |, a.e z€Su . 2.5
pr(2) 200 P\ pp(pr) (2.5)

Similarly, by Theorem 4.1 of [8] we have the following result.

Proposition 2.2 Let F' € D'? be such that E[F] = 0. If in addition
0<gr(F)<aF+8, a.s.

for some a > 0 and § > 0, then

IQ

200 + 20

2

P(F > 1) < exp (— ) and P(F < —z) < exp (-3”-) . x>0 (26)



The results of this paper rely on the following proposition.

Proposition 2.3 Let F € DY? be centered. Then we have gr(F) = pr(F) a.s., where the
function pp is defined by

or(z) =E [/ DyF E[D,F | F;] dt ‘ F = :1:'1 : a.e. x € R. (2.7)
0

Proof We start by checking that the random variable pg(F') defined by (2.7) is integrable
for any ' € D2, Indeed

Ellor(F)] < E [/ \D,F|E[|D,F||F dt] < / B|D.FP]dt < oo.
0 0
By (2.4) and the properties of the gradient operator, for any ¢ € C}(R) we have

B (For(F)) = E [B|6(F) [ DirEiDiF|at | |

_B :¢'(F> /0 " DAFE[D,F |5 dt}

=E _/OO E[D:F | T Dyp(F) dt]
_ Cov(F, (F)) = B¢/ (F)gr(F)],

where this latter equality follows by formula (3.15) of Theorem 3.1 in [8]. Combining the

above relation with an approximation argument we have
E[lp(F)pp(F)] = E[1p(F)gp(F)], for any Borel set B C R. (2.8)

Since gr(F') > 0 a.s. (see Proposition 3.9 in [7]), this relation and the integrability of ¢ (F)
yield the integrability of gr(F'). Using again (2.8) we finally have ¢p(F) = gr(F') a.s., and
the proof is completed. O

The new representation of the conditional expectation given in the above proposition
avoids the use of (—L)™! and will provide us with simpler arguments for the derivation of
Gaussian estimates for the density and the tail probabilities of a centered F' € D2, In

particular it leads to the following result which will play a key role in the next sections.

Theorem 2.4 Let F € DY be a centered random variable such that
0<g< / D FE[D,F |F,]ds <G a.s., (2.9)
0

where g, G > 0 are positive constants. Then:



(i) the density pr satisfies

% exp <_%) < pe(z) < HHEIL o (—i) . ae zeR (2.10)

(i1) the tail probabilities satisfy

2 2

x T
> < - < —x) < - . .
P(F > x) < exp ( QG) and P(F < —z) <exp < QG) , z>0. (2.11)

Proof. The inequalities (2.10) follow by Proposition 2.1 and Proposition 2.3. In particular,
relation Supp(pr) = R may be found in the proof of Corollary 3.3 in [8]. The bounds (2.11)
follow by Proposition 2.2 and again Proposition 2.3 taking « = 0 and g = G. 0

3 (Gaussian estimates of one-dimensional SDEs with
boundary conditions

Let b : R — R be a continuous function and ¢ : R — R be a continuously differentiable

function with bounded derivative of the first order. We assume that
1
by :=b+ 500’

is a Lipschitz continuous function. The aim of this section is to obtain Gaussian estimates
for the density and the tail probabilities of the solution of the one-dimensional Stratonovich

stochastic differential equation
dX; = b(Xy) dt + o(Xy) o dBy, t €[0,7], (3.1)
with anticipating boundary condition
Xo = f(X7), (3.2)

see Theorem 3.2 below. In the case where f is linear with f’ < 0 and the functions ¢ and
by are of class €*(R) with bounded derivatives, the existence and uniqueness (in a suitable

class of processes) of the solution to (3.1)-(3.2) was proved in [3], see also Theorem 3.3.5 in [9].

Let ¢i(z), x € R, be the stochastic flow associated with the coefficients of the one-
dimensional Stratonovich stochastic differential equation (3.1), i.e. the solution of the

following stochastic differential equation with initial value x € R:
t t
aa) =+ [ oo+ [ o) o dB.
0 0
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=x+ /Ot bi(ps(x))ds + /Ota(gos(a:)) dBs, tel0,T]. (3.3)

In the following, for any function A : R — R we set

h:=inf |h(x)| and h:=sup|h(z)|.

z€R z€R

In Proposition 3.1 below we start by proving the existence and uniqueness (in a suitable
class of processes) of the solution to (3.1)-(3.2) for a more general class of boundary data
functions f, allowing e.g. f to be nonlinear or f’ > 0.

Before stating Proposition 3.1, we recall some useful sets of random variables (see e.g. [9]
for more details). If L is a family of random variables we denote by Ly, the set of random
variables X such that there exists a sequence {(€,, X,)}n>1 C F x L such that Q, T Q
and X = X,, almost surely on Q,. We denote by L'?(R), p > 2, the family of real-valued
processes {X; hepr) € LP([0,T] x Q), T > 0, such that X, € D' for Lebesgue almost all

t € [0, 7] and there exists a measurable version of the two parameter process Dy X, verifying

B V |D3Xt|pdsdt] < .
(0,772

Finally, we denote by Ly*(R) the class of processes {X;};cp.r € L"*(R) such that

1
lim sup E[|DsX; — U,[*]ds =0

n=o0 Jo s<t<min{s+n—1,1}
and

1
lim sup E[|D,X; — Vi]*]ds =0

N0 Jo max{s—n—1,0}<t<s

for some processes {U; }1ep1], {Vi brepa) € L2([0,1] x Q).

Proposition 3.1 Assume that o and by := b + 00’/2 are of class C*R) with bounded
derivatives (up to the fourth order). In addition, suppose that the boundary data function f

is differentiable with bounded derivative. If one of the following two sets of conditions holds:

(C1) b is bounded and

sup f'(z) <0 (3.4)
z€R
(C2)
0<g,0d <oo, K :=sup Viz)olz) = b(z)o'() < 00 (3.5)
zeR O'(ZL’)
and
f is bounded and sup f'(x) < (¢/7)e "7, (3.6)
z€R
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then (3.1)-(3.2) has a solution which is given by X; = vi(Xo), where Xq is the unique random
variable satisfying Xo = f(pr(Xo)). In addition, this solution is the unique continuous

solution in L;:?OC(R).
The following is the main result of this section.

Theorem 3.2 Assume that o and by := b+00c’ /2 are of class C*(R) with bounded derivatives
(up to the fourth order) and (3.5). In addition, suppose that the boundary data function f is
differentiable with bounded derivative and let (X;)icp,r) be the unique solution to (3.1)-(3.2).

If one of the following two sets of conditions holds:

(C3)
—(a/7)%e KT < inﬂf{ f'(z) <sup f'(z) <0
re z€R
(C4)
f s bounded and (¢/7)e " — sup,ep ['(2) > (7/0)%e KT

f
where the constant K is defined in (3.5), then, for each t € (0,T], the density px, satisfies
the bounds

BB (BT ) < B BN, (L= B

2G(t) 2¢(t) 2g(t) 2G(t)
(3.7)
a.e. v € R, and
22
_ > 7)< 7
P(X; E[Xt]_m)_exp( 2G(t)>’ x>0
22
where the functions g,G : (0,T] — (0,00) are defined as follows:
(a) Under (C3), g(t) := (c+ c.)*t and G(t) := C*t + A(T —t).
(b) Under (C4), g(t) := (c — CL)*t and G(t) := (C + C,)*t + C*(T — t).
The constants ¢, C, c,, C are given by
c:=cgexp(—KT), C:=7cexp(KT), (3.8)
c? . e cf
Cr .—Eigﬂgf(x), o= Eg/C’—supf’(x)'
zeR



Note that the assumptions of Theorem 3.2 hold if b € C}(R), ¢ is bounded away from zero,
o € C2(R) and the boundary data function f is bounded with bounded negative derivative.
SDEs with boundary conditions have applications in several fields, among others we cite [16]
for applications in quantum mechanics.

For the proofs of Proposition 3.1 and Theorem 3.2 we will need the following Lemmas 3.3

and 3.4 which will be proved at the end of this section.

Lemma 3.3 Assume that o and by are of class C*(R), with bounded derivatives (up to the
third order). Then (¢(x))iepp ) € DV and ¢)(x) := 6“05—5”) exists. If in addition, o is strictly
positive and bounded from below, then we have the following expressions: for 0 <t <T and

r € R,

o) = 72 o (/t Opa(@)olenla)) — o (pu(@)bes(2)) ds) . te[0,7]. (3.10)
o(x) 0 o(ps(z))

Lemma 3.4 Assume that o and by := b+ o0’ /2 are of class C*(R) with bounded derivatives

(up to the fourth order) and f is differentiable with bounded derivative. Then:

(2) If in addition we suppose Condition (C1) of Proposition 3.1, then X, € ]Dll(fz, for all

p>2, and

J'(er(Xo))(Dsepr) (Xo)
1= f"(er(Xo))pr(Xo)
where (Dspr)(Xo) = Dspr()]a=x;-

(i1) If in addition we suppose Condition (C2) of Proposition 3.1, then Xy € DY? and relation
(3.11) holds.

D. X, = a.s., for0<s<T (3.11)

Proof of Proposition 3.1.
Ezistence. By Theorem 3.3.1 in [9], for any random variable X, the stochastic process
(¢+(X0))tepo,m is a solution of (3.1). Hence, in order to show the existence of a solution to

(3.1)-(3.2) we only need to prove that there is a unique random variable X, such that

Xo = f(er(Xo)). (3.12)

Consider the function h(z) := = — f(pr(z)), © € R. By Lemma 3.3 we have that h is

differentiable with derivative

W(x) =1 = f'(er(z))er(z).

9



Part 1.
We first prove the existence under Condition (C1). It is proved in [3] (see p. 171) that

o) =e ([ (euton - 2 st [oaianan,). refor

Therefore ¢/ > 0 and so b’ > 0. Since f decreases and ¢r increases we have
h(z) >z — f(pr(0)), for any x >0

and

h(z) <z — f(pr(0)), for any x <0.

Letting x goes to +00 in the first relation and = goes to —oo in the second relation we easily

have

lim A(x) =+oc0 and lim h(z) = —o0. (3.13)

T——+00 T——00
Therefore there exists a unique zero of h, and this implies the existence of a unique random
variable X satisfying (3.12). In other words, (y:(Xo))icpo,1] is solution to (3.1)-(3.2).
Part 2.
We now prove the existence under Condition (C2). By (3.10) it easily follows that
C

< gi(z) < P

. (tz)e[0,T] xR (3.14)

Q| o

where the constants ¢ and C' are defined in (3.8). For any =,y € R, by the non-negativity of
@, we have

1= f(x)er(y) > 1 — or(y) Sup f(x)

> 1—€supf'(a:) =M>0 (3.15)

0 zeR

where the inequality in (3.15) follows by (3.6). Consequently, we have A’ > 0. Since f is
bounded we have (3.13), and we conclude as in the previous step.

Uniqueness. According to Theorem 3.3.2 in [9], to show that (¢:(Xo)):co,7] is the unique
solution in ]L;foc(]R) which is continuous it suffices to check that X, belongs to ID)IIO’IC) , for some
p > 4. Since, under Condition (C'1) this is guaranteed by Lemma 3.4(i), we only need to

show the claim under Condition (C2). By the mean value Theorem, we have

flor(Xo)) = f(0) + f'(e)pr(Xo) and  or(Xo) = r(0) + ¢p(e2) Xo,

10



where £1, €5 are two random variables lying between 0 and ¢7(X,) and 0 and X, respectively.
Since Xy = f(or(Xp)), we have

Xo = f(0) + f'(e1)er(Xo) = £(0) + f'(e1)[er(0) + i (e2) Xo],
and therefore
f(0) + f'(e1)pr(0)

1 — f'(e1)ep(e2)
if the denominator is different from zero. We preliminary note that the denominator of

(3.16) is different from zero due to (3.15). By (3.15), (3.16) and the boundedness of f/, we
deduce that there exist two finite constants M, M, > 0 such that

Xo = (3.16)

| Xo| < My + Ms|pr(0)], a.s..

By the boundedness of ¢/ and &’ we have that o and b are Lipschitz continuous and have at
most linear growth. Therefore by Lemma 2.2.1 in [9] we deduce ¢7(0) € [,5, LP(€2) and so
Xo € N1 LP(Q). By Lemma 3.4(ii) we have X, € D* and (3.11). By Lemma 3.3 we have

¢ < (Dspr)(z) < C, s,t €0, 7], ze€R. (3.17)

Using this relation, the boundedness of f’ and (3.15), by (3.11) it follows that there exists a
constant M3 > 0 so that

|DsXo| < M3, a.s. for any s € [0, 7]

which implies E [fOT |Ds Xo|P ds] < oo for any p > 1. By Proposition 1.5.5 in [9] we then

have X, € D' for any p > 2. O

Proof of Theorem 3.2.

We preliminary note that under Condition (C3) is satisfied Condition (C'1) of Proposition 3.1
and under Condition (C4) is satisfied Condition (C2) of Proposition 3.1. By Lemmas 3.3
and 3.4 and Exercise 1.3.6 p. 52 in [9] we have X, € D2, t € [0, 7], and, for any s,t € [0, 7],

loc
(Dsgpt)(XO) + QOQ(XO)DSXOa s <t,
Dth = Dsspt(XO) = (318)
©4(Xo0) Ds Xo, s>t
In fact, X; € D"? because (pi(z))ep,r € DV? for any z € R and X, € D"? (this can be
proved as in the proof of Lemma 3.4(ii) below, using that ¢ is bounded). By (3.11) we

deduce
vy (Xo) (Dsior) (Xo)

1 - <P'T(X0)f/(80T(X0))

11

©1(Xo)Ds Xo =

f(er(Xo)). (3.19)



Part 1.
We first prove the claim under Condition (C3). We have
inf f'(z) < f'(or(Xo)) < sup f'(z) < 0. (3.20)
z€R zeR
Combining this with (3.14) and (3.17), we deduce
0 < P X0)(Dspr)(Xo)
~ 1= 7 (Xo) f/(r(Xo))
By (3.19), (3.20) and (3.21), we have

02
.= — inf f'(z) < ¢y(Xo)DsXo < 0.

g zeR

< i (X0)(Dsr)(Xo) <

% (3.21)

Combining the above with (3.17), by the expression of D;X; computed in (3.18) we find
C+C*§D8Xt§07 OSSSt,

and
cx < DX <0, t<s<T.
We also note that ¢+ ¢, > 0, indeed
C? C?
e = — inf f'(z) > > 292 _ .

o zeR a C?

These inequalities yield
T
(c+c )t < / D, X,E[D,X,|F,)ds < C*t+ (T —t), tcl0,T).
0

The claim follows applying Theorem 2.4 to F := X; — E[X}].
Part 2.
We now prove the claim under Condition (C4). By Condition (C4) and (3.14) we have
1

' (Xo)

Combining this inequality with (3.14) and (3.17) yields
©1(Xo) (Dster) (Xo) < @ c

= g / .

(%) (ot — or(X0)) @ &~ SUPacr f1(2)

Recalling (3.11), we have

— [(pr(X0)) > % —sup f'(z) > 0.
r€ER

0<

Co Cf

Xo) D, Xo| < —
|01(Xo) ol co 0/C —sup,cg f'(2)

= C..
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Therefore, by (3.17) and the expression of DsX; computed at the beginning of the proof, we

have

c—C,<DX,<C+C, 0<s<t (3.22)

and
—C,. <DX, <C,, t<s<T. (3.23)

Using the foregoing assumption (C4), one may easily see that ¢ — C, > 0. Thus, by (3.22)
we deduce .
(c—C,)%* < / D, X,E[D,X,|F,ds < (C + C,)*. (3.24)
0

Since Dy X;E[D;X; |F,] > 0, by (3.23) we have
T
0< / D,X,E[D,X, | F,]ds < CX(T — t). (3.25)
t
Finally, combining (3.24) and (3.25) we deduce
T
(c—C)% < / D XE[D,X, | F.]ds < (C + C.)%t+ CX(T — 1), te[0.7].
0

The claim follows applying Theorem 2.4 to F':= X; — E[X{]. O

Proof of Lemma 3.3. The Malliavin differentiability of (y:())ico,r) and the existence of
©i(z) were proved in [12] (see also Theorem 2.2.1 in [9] for the Malliavin differentiability).
Let us check the expressions (3.9) and (3.10). Set
1
F(x)::/ —dz, x>0,
o 0(2)
and ®,(z) := F(¢i(x)). By the Ité formula and (3.3), we have

= (F (Do) + 57 ”wt(x))(am(x)))?) dt -+ F'((x))o(1(x)) dB,
_ (b)) 1,
B (0(%(;5)) 9 (1 ))) dt +dB,.

o= | 200

Since (@¢())icp,m is Malliavin differentiable and F' is continuously differentiable with

bounded first derivative (because o is positive and bounded from below), then by Proposition

13



1.2.3 in [9] we have (®4(z))eor) € DY2. By Theorem 2.2.1 in [9] (note that the function b/

is Lipschitz since by the assumptions on b and o it follows (b/c)" bounded) we have

_ oo [Ues@) _0. for
ng)t(x)—Dg(F( )—i—/() J(gps(x))d —|—Bt)—0, for 6 >t

and, for 0 <6 <t,

L [V ed)olee) — b)) )
Doba) =1+ [ e Dipa)ds.  (327)

By Proposition 1.2.3 in [9], for 0 < 6 < ¢, we also have

Dy®y(x) = F'(pi(x)) Dopr(w) = Doipr(x). (3.28)

o(pe(x))

Combining this with (3.27), for 0 < 6 < t, we deduce

Dut ) = 1+ [ LA = D) g, 1),

9 o(ps(x))
This is a linear ordinary differential equation with initial condition Da®y(z) = 1, and
therefore
L (ps(x))o(ps(z)) — o' (ps(2))b(ps(z
Dta) o VAN AoA) = T o) 1)1,
0 o (ps(x))

Relation (3.9) follows by this latter equality noticing that by Theorem 2.2.1 in [9], for 6 > t,
one has Dypi(x) = 0 and by (3.28), for 0 < 0 < ¢, it holds Dypi(x) = o(p(z))De®Ps(x). It
remains to verify (3.10). Since

R 2 1€))
Dy (x) = @) (3.29)

differentiating (3.26) with respect to x we deduce

P! (z) LJF/; V(pa@))olps(r) =o' (ps(e)bleae)) (1 4

o(x) 72 (ps(@)) v
_ 1 "V (ps(x))o(ps(x) — o' (0s(x))b(ps(2)) -, .
- +/0 e O (x)ds, tel0,T). (3.30)

Solving (3.30) we have

oL H(e)oles) - b))
2= 5w p(/ o (@) d)’ relo.1]

The claim follows combining this equality with (3.29). O
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Proof of Lemma 3.4. As shown in the part on the Fxistence of the proof of Proposition 3.1,
equation (3.1)-(3.2) has a solution which is given by X; = ¢;(Xo), where X is the unique
random variable satisfying Xo = f(¢or(Xo)).

Proof of (i).

By e.g. Exercise 2.2.2 in [9] one can represent the flow ¢;(z) as a Frechet differentiable
function of the Brownian motion B. Using this and the implicit function Theorem (note
that the first order derivative of f~! is always different from zero) one deduces that X, € ]D)zlf;

for any p > 2. By Lemma 3.3 and Exercise 1.3.6 p. 52 in [9], for any s € [0, 7],
Dy Xo = (f o ¢r) (Xo)DsXo + Ds(f 0 or)(Xo)

where
Dy(f o or)(Xo) := Ds(f 0 o1)(2)]a=x,-

By the chain rule in Proposition 1.2.3 of [9], we have

Dy(f opr)(Xo) := Dy(f 0 o1)(@)]e=x, = [' (1 (7)) Dsor () |s=x, = f'(01(X0))(Dssor)(Xo),

and so
['(r(Xo)) (Dstpr) (Xo)

1= f/{er(Xo))97(Xo)

note that our assumptions guarantee that the denominator is different from zero.

Proof of (ii).

Letting (£2,J, P) denote the canonical space of the standard Brownian motion indexed on

0,77, for ¢ € L*([0,T],dx) and w € Q, we set wy(-) = w(-) + [, ¢(s) ds. In the following we

DSXU =

write ¢;(w, z) in place of ¢;(x) to explicit the dependence on w of ;(x), i.e.

got(w,x)::c—l—/o bl(gps(w,x))ds—i—/o o(ps(w,x)) dBs(w).

By the mean value Theorem, we have

Xo(wg) = Xo(w) = f(er(wg, Xo(wy))) — fler(w, Xo(w)))
= [ler(wg, Xo(wy))) = f(er(wy, Xow))) + f(er(wy, Xow))) — f(epr(w, Xo(w)))
= fler(wg, §(w,w,)))e(wy, §(w, wy)) [Xo(wy) — Xo(w)]
+f(pr(wg, Xo(w))) — fler(w, Xo(w))),

where {(w,w,) is a random variable between Xy(w) and Xo(w,). Therefore,

_ Slor(wg, Xo(w))) — fler(w, Xo(w)))
L= f/(pr(we, §(w, wq))) 7 (We, ér’(o‘jvo‘jq))7
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note that our assumptions guarantee that the denominator is different from zero. By the
boundedness of f’ and o, for some constant C' > 0 (which may vary from line to line) we

have

| Xo(wq) = Xo(w)] < Clor(wy, Xo(w)) — ¢r(w, Xo(w))|

T
= O‘/ 905 XO( dB wq / g Sps XO )st(w)
0

<C / 5)|ds (3.31)

<c (/ (s >|2ds)1/2, (332)

where (3.31) follows by noticing that on the canonical space Bi(w) = w(t) and (3.32) is
a consequence of the Cauchy-Schwarz inequality. So X, € D%? by Exercise 1.2.9 in [9].
Relation (3.11) follows repeating the arguments of the previous step. O

4 Gaussian estimates of one-dimensional additive func-
tionals of SDEs with irregular drifts

Here we consider the one-dimensional diffusion equation on the probability space (2, F, P)

t t
X, =2 +/ b(Xs)ds +/ o(Xs)odBs, zo€R, te]0,T], (4.1)
0 0

where b : R — R is measurable and bounded, o is smooth, i.e. o € C°(R), and such that
o = inf,ego(z) > 0 and the stochastic integral is the Stratonovich integral. Under the
above assumptions, Kohatsu-Higa and Tanaka [6] proved the existence and smoothness of

the density of the random variable

t
Y, :/ (Xs)ds, tel0,T], (4.2)

0

where 1 : R — R is a smooth function.
In this section we provide Gaussian estimates for the tails of Y;. Letting (W})ico,n

denote a standard Brownian motion on the probability space (2,F,Q), we consider the

system (X;,Y;) defined by
t
X, =z + / o(X,) 0 dW,, (4.3)
0
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and
Y, :/ v(Xs)ds, tel0,T]. (4.4)

We define a new probability measure Q on (2, Fr) by

d@ - ZTdQu
where
t 1 t
Zy = exp (/ bo(Xs) dW, — 5/ b3 (Xs) ds) , te€]0,T],
0 0
and by is the bounded and measurable function by := b/o. By Girsanov’s theorem, the

stochastic process Bt = W, — fot bo(Xs)ds is a Brownian motion under the probability
measure Q, and so the solution of the system (4.3)-(4.4) under Q is equal in law to the

solution of the system (4.1)-(4.2).

Theorem 4.1 Under the foregoing assumptions, if moreover ¢’ := inf,ecr ¢'(x) > 0, then,

for each t € (0,T], the tails of Y; satisfy the bounds

Pt 20 < e (- Y e (i) o> ol

P(Y; < —2) < oxp (—%) exp (%||bo||§ot) L a < —EglYi.

where ||by||oe = SUP,cg [bo(7)], G(t) := (VF)*3/3, T := sup,cp 0(x), V' := sup,g ' () and

Eq denotes the expectation under the probability measure Q).

Proof. For any z € R we have
P(Y: > ) = Eg[lp,o0) (V)] = EQ[lipoe)(Ye)Ze), £ €[0,T].
By this relation and the Cauchy-Schwarz inequality, we have
P(Y: > 2) < Eq[ls.00)(Y1)*] *EQZ]'? = Eq[Lpoe) (YO] Eql 271", t€[0,T]. (4.5)
Since by is bounded, standard computations (see e.g. Lemma 1 in [5]) give
Eol2t) < exp (51 = plulit) - for any p e R (16)
Combining (4.5) with (4.6) we deduce
PV 2 2) < Q2 0 exp (Sl ). (a7
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Now we bound the probability Q(Y; > z). By Lemma 3.3 we have that the Malliavin
derivative of X with respect to W is

Dy X, = U(XS)]_[O’S}(G), S € R+,

therefore by Proposition 1.2.3 in [9] we have

DyY; — /9 Dot(X,)ds = 1.(6) /0 V(X))o (X.)ds,

where the exchange between Dy and the integral can be justified by standard closability

arguments. Consequently we have
Vot —0)1lpg(0) < DeYy < 'a(t — )1 y(0),
hence . .
g(t) < / D.Y,Eq[DY; | Fs|ds = / D.Y,Eq[D,Y; | Fs|ds < G(t),
0 0
where
g(t) == (ﬂ’g)zt?’/&

By Theorem 2.4, for each t € (0,7] and x > Eg[Y;], we have

QlYi 2 1) = Qi - Bolv] = - Bol) <ewp (2850

The Gaussian bound for the tail P(Y; > z) follows by (4.7) and (4.8). The Gaussian bound
for the tail P(Y; < —x) can be proved similarly. O

5 Gaussian estimates of one-dimensional SDEs driven
by fractional Brownian motion

In this section, we provide Gaussian estimates for the density and the tail probabilities of
solutions to stochastic differential equations driven by the fractional Brownian motion. Some
results in this direction can be found in [2].

Recall that a fractional Brownian motion (fBm) of Hurst parameter H € (0,1) is a

centered Gaussian process B = (B}!);cg, with covariance function

1
Ry(t,s) := E[Bf B = §(152‘" + 2 |t — 5P,

18



For H > 1/2, BY admits the so-called Volterra representation (see e.g. [9] pp. 277-279)

t
B{’:/ Ky (t,s)dB,, (5.1)
0

where (B,)icr, is a standard Brownian motion,
t 3
Ky(t,s) :=cqg SI/Z_H/ (u—s)A 2712 dqu, s<t
S

and

H(2H -1
cy = \/5(2 — éH, Vi _)1/2), where f is the Beta function.

We suppose that (B;)co,r] is defined on the probability space (0, F, (F;)ico,17, P), where
F = o(FP,N), being N the family of sets with probability zero. Consequently, by (5.1) the
fBm (B[)ep,r) is Fr-adapted.

Hereafter, we denote by G, ([0, T] x R) the space of bounded functions f : [0, 7] x R — R

with bounded partial derivatives of the first order and we define

0 0
fit,x) = a—{(t,x), fo(t,x) = a—i(t,x).

Throughout this section we will work under the following condition.

Assumption 5.1 H € (1/2,1), b,o € €, ([0,T] x R), there exists a constant ¢ > 0 so that
lo(t,z)| > ¢ for all (t,x) € [0,T] x R.

Under this assumption the stochastic integral fot o(s, X,)dBH t € [0,T], exists as a pathwise
Riemann-Stieltjes integral if the stochastic process (X;)¢cpo,r is Holder continuous of order
H —cforalle € (0,H). (see [15]; see also [9] p. 312).

Before stating the main result of this section, we consider the following lemma, whose

proof will be given later on.

Lemma 5.1 Under Assumption 5.1, there exists a unique strong solution of
t t
X; = xg —|—/ b(s, X,)ds —l—/ o(s, X,)dBY, te[0,7), (5.2)
0 0

where by definition a strong solution to (5.2) is an Fy-adapted process (Xi)icpmr which
satisfies (5.2) pathwise and whose trajectories are Hélder continuous of order H — e for

alle € (0,H).
The following estimates hold.
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Theorem 5.2 Suppose Assumption 5.1 and let (X;)icor) be the unique strong solution to
(5.2). Then, for each t € (0,T], the density px, and the tails of X; satisfy the bounds

E[[X: — E[Xi]]] (_ (z — E[Xt])2> < ()
2G(1) 29(t) )=
< EHXt _ E[Xt”] (_ ('CE _ E[Xt])2> eR (5 3)
< 2900 exp —QG(t) , a.e T , )
P(X, - E[X,] > z) < exp (—%@) . 2>0,
and
P(X, —E[X,] < —2) < exp (—Qé(t)) )

where the functions g,G : (0,T] — (0,00) are defined by G(t) := C?*MT2 qnd g(t) :=

c2e2MTE2H - yith C' = SUD (¢,4:) |o(t, )] and

b(t Lt " (t
M = sup |by(t, x) — (t, x)oy(t, ) B o1(t, x)
(t,x) o(t,x) o(t, z)

The proof of this theorem uses the next lemma which provides the Malliavin derivative of

the unique strong solution to (5.2).

Lemma 5.3 Under Assumption 5.1 the unique strong solution (Xi)icpo,r to (5.2) is such

that (Xt)iep,r) € D2 with

t t b / /
DX, = o(t, X;)1p(s) </ (Ky)i(v,s)exp (/ <b'2 _ X2 _ ﬁ) (u, Xy) du) dv) :
s v o o
Proof of Theorem 5.2. We assume o(t, X;) > 0, i.e. ¢ < o(t,X;) < C. The case o(t, X;) < 0,

ie. —C < o(t, X;) < —ccan be treated similarly. By Lemma 5.3, since (K )] is non-negative

we have
¢ t
ceMT/ (Ky)j(v,s)dv < DgX; < CeMT/ (Ky)j(v,s)dv, s <t,

i.e.

ce MTKy(t,s) < DX, < CeM Ky(t,s), s<t.

This yields
t T
e 2MT / K% (t,s)ds < / D, X,E[D,X,|F,]ds
0 0
t t
= / D, X,E[D,X,;| T, ds < C%e*MT / K#(t,s)ds.
0 0
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Since [} K%(t,s)ds = E[|Bff|?] = t*", we have
T
0 < e 2MT2H < / D X.E[D,X;|F,ds < C?e?MT12H
0
The claim then follows by Theorem 2.4. O

Proof of Lemma 5.1. Define the function
|
F(t,z) = —d t,x) € |0, 7] x R.
(o) i= [ o ds () € 0.T]x
For (t,u) € [0,7] x R, consider the function ®(t,u) := F(t,u) — x, where z € R is fixed.
Since ®4(t,u) = o(t,u)"! # 0, by the Implicit Function Theorem we have that there exists
a function G(t, ) so that ®(¢,G(t,z)) =0, i.e. F(t,G(t,x)) = x. Note that

TR - oy [Tt 2)
Fy(t,z) = o(t,x) and Fi(t,z) = /0 ot 2 dz,
Gy(t,x) = (F5(t, G(t,2)))"" = o(t, G(t,x)), (5-4)
: Fi(t, G(t, ) /
Gl(tvx) FQ/(t,G(t,.I')) 1(t,G(t,!)§'))U(t, G(t,l’)) (5 5)
Existence. We start by showing that there exists a strong solution of
t
Yi=yo+ / A(s,Ys)ds + B, (5.6)
0
where yo = F(0, z9) and
, b(t, G(t, y))
At,y) = Fi(t,G(t,y)) + ——55. 5.7

A straightforward computation shows that A%(¢,y) is uniformly bounded, and so for some

positive constant C' > 0 (which may vary from line to line)

|A(t,z) — A(t,y)| < Clz —y| and |A(t,2)]* < C(1 + |z|*) for all (¢,z,y) € [0,T] x R%
(5.8)

For n > 0, consider the processes (Y,;(n))te[O,T] defined recursively by

Y,” = yo + BH,

VY = o + [T A(s, YY) ds + BE, n>0.

For some constant C' > 0, by the Cauchy-Schwarz inequality and (5.8), we have

(ATM@J?mdﬁj
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T
< CE { / |A(s,Y;°>>|2ds}
0

T
< CE U (14 I}{;(O)lz)ds]
0

T
< CT +2CE U (yo + | BI?) ds}
0

T
=CT(1+2y5) + 20/ s*Hds = C}. (5.9)
0

For any n > 1 and some constant C' > 0, by the Cauchy-Schwarz inequality and (5.8) we

. )
<E (/ IA(s,Ys(”))—A(S,K;("_”)IdS)]
0

. 2
<E / sup |A(u, Y, ") — A(u, Y,"7V)| ds
0 u€[0,s]

. 2
<CE / sup |V, —v(Y|ds
0 u€(0,s]

t
< Ct/ E lsup v, — Yu("_l)|2] ds
0

have

E lsup ‘Y (n+1) Yu(n)‘2

u€(0,t]

u€(0,s]

u€(0,s]

¢
< C’T/ E [sup Y, — Yu(n_l)|2] ds.
0

[terating this inequality and using (5.9), we deduce

cr” // / sup [V, -y (02
u€[0,8p]

(cT*)"

n!

E [ sup [V, ("t — y ()2 ds,, ...dssydsy

u€l0,t]

SC’

By this inequality we easily have that there exists a process (Y;*):cpo,r) such that Y;(”/) — Y
almost surely for any ¢t € [0,7] and some subsequence (Yt("/))n/ of (Y;(n))nzo- Then one
easily sees that (Y;*)icpo,r) satisfies (5.6) pathwise and Y;* is F;-measurable as a.s. limit of
Fi-measurable random variables. It remains to check that the paths of (Y;*);c(0,r] are Holder
continuous of order (H —€). By (5.6), the boundedness of A and the fact that the paths of
(B )seo,r) are Holder continuous of order H — ¢, for any € > 0 (see e.g. [9] p. 274), for any

t1,tz € [0, T], some positive constants C, C" and random variable G, we have
y—(/ (s,Y7)ds| + B — B/
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< Clty — ti| + Gty — tao| "¢

= Clty — ty I HHE=2) L Gty — t,|H = (5.10)

<Ot =)'+ Gl — )" = (C'+ G|t — ], (5.11)
where the latter inequality follows by 1 > H —¢. Now, we show that the process (X;):co,n
defined by X; := G(t,Y,") is solution of (5.2). Clearly, X; is F-measurable. We also have

that X/ is (H — ¢)-Hélder continuous. Indeed, for any ¢, s € [0, T], there exist #; between s

and ¢t and 6, between Y. and Y;*, and some positive constant C' > 0, so that

’Xt* o X:’ < |G<t7Y;*) o G(S7Y;*)‘ + ‘G(Sa Y;S*) - G(Sa Y:)‘
= |G (01, Vi) (E = 5)| +[G5(s, 62) (Vi = Y))
<Ot = sl + 1Y = YD)
So the (H — ¢)-Hélderianity of the paths of (X );cjo,7] follows by the (H — ¢)-Hélderianity of
the paths of (Y;*)icpo,r) and by treating the term |t — s| exactly as in (5.10)-(5.11). It remains

to check that (X} ):cpo,r) satisfies (5.2) pathwise. To this aim we are going to apply formula

(31) in [15]. By the mean value theorem we have
|G5(8,Y7) = Go(s, Y )| = |o(t,Y7) —o(s, Y < Ot = s| + [V = Y)),

where C'is some positive constant. Therefore, the paths t — G4(¢,Y}") are Holder continuous
of order H — ¢. Since 2H — & > 1 for some € > 0, by formula (31) in [15] and the fact that

(Y )tejo,r) is solution of (5.6), we deduce
t t
G(t.Yy) - G0.Y5) = [ Gis. vy ds+ [ Gy vars
0 0
t t
= [ G yast [ Gy YAl Y ds + B
0 0
t
- [ ey
0
¢ b(s,G(s,YS))
L(s, YI) | F Y —l s B 12
+/0 G2(57 s)< 1(S,G(S, 8))dS+U(S,G(S,Y* d5+d t) (5 )

_ _/O Fi(s,G(s,Y))o (s, G(s, 7)) ds

b(s, G(s,Y]))

+/O o(s,G(s,Y])) (F{(S,G(s,n*))ds—kmds—i—dBt ) (5.13)
= /Ob(s,G(s,YS*))dS—F/O U(S,G(S,Y.:))dBfI,
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where in (5.12) we used (5.7) and in (5.13) we used (5.4) and (5.5). The claim follows
noticing that by the definition of G and y, we have G(0,yy) = G(0, F(0,z0)) = zo.

Uniqueness Let (X[*)icpo,m be another solution of (5.2). Since X;* is (H — ¢)-Holder
continuous, we have that oj(t, X;*) is (H — ¢)-Holder continuous and so Fy(t, X,*) is Holder

continuous of order H — . Applying again formula (31) in [15], we have
t t
P =0+ [ s X0 ds+ [ By X s
0 0

t t
_y0+/ F{(S,X:*)ds—i—/ Fi(s, X**)(b(s, X**)ds + o(s, X**) dBH)
0 0

t b(S X**)
%-F/(; < (s, X, )+0(3,X;‘*)) ds + B,

By applying Gronwall’s Lemma one may easily check that the solution to (5.6) is indeed
unique. Therefore, for any ¢t € [0,7], F(t,X*) = F(t,X;*) as., i.e. for any t € [0,7],
X* =X as. 0J

Proof of Lemma 5.3. Throughout this proof we use the notation introduced in the proof of

the previous lemma. We first show (Y})ep,r) € D*? and

t
D.Y, = ]l[o,t](s) (/ A/Q(U, YU)DSYU du + KH(t, S)) ,

where (Y}):co,r] is the unique strong solution to (5.6). Consider the sequence of stochastic
processes ((Yt(n))te[O,T})nzo defined recursively in the proof of Lemma 5.1. We start showing

by induction on n > 0 that ((Yt(n))te[o,T])nzo € DY2 and
t
DY, ™ = 14(s) ( / Ay (u, Y NDY D du+ Kyt s)> , n>0 (5.14)

where DSYt(fl) = 0. On the space of step functions on [0, 7] define the linear operator
Kyl g(s) = Ku(t,s)1y(s).
Letting DP# denote the Malliavin derivative operator with respect to the fBm, we have
DY = 1j0(s)
and so by Proposition 5.2.1 in [9] it follows (Y;(O))te[oﬂ € D2 and
DY, = Kip(s) = Ku(t, s)1q(s).
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This proves the basis of the induction. Now assume the claim for n — 1, n > 2. Since
(Yt(n_l))te[g,T] € D2, there exists a sequence of smooth random variables (Yk(g_l))kzl such

that ||Yk(7?_1) —Y," V|12 = 0, as k — co. Consider the sequences
Y =yo+ fo A, YY) du + B,
(n) _ / (n—1) (n—1)
DY,y = f Ay(u, Y )DSYk’u du + Kg(t, s)

(where the term DSYIC(;) is computed by using Proposition 1.2.3 in [9]). Since A(u, ) € C}(R),
we have that (Yk(,?))kzl € D2, Using the boundedness of Aj(u,-) and that HY,;TD -
Y, " V|15 — 0, as k — oo, one may easily check that HYk(g) —Y,"|12 = 0, as k — oo,

where

t
Y — gy + / A, YV du + BY,
0

t
DSY;:(H) = Ljo4(s) </ AIZ(U’Yu(nil))DsYu(nil) du+ Kn(t, 8)) .

Therefore, ((Yt(n))te[o,ﬂ)nzo € D2 for all n > 0. We already showed (see the proof of the
(n)

previous lemma) that Y; is the L?limit of Y;"”. Moreover, since A is bounded, for some
constant C' > 0,

t 2
E { / \DSYt("H)\st] < 2E < ( A’ (u, Y,M)D,Yy," du) + K2 (t, s)> ds]
0

20// (| DY, "™ %] duds + 2t

0

C / E[|D5Yu(”)|2] dsdu + 2621
0 JoO

IA

VAN

Setting 1, (u) = [ E[|D,Y,”|?] ds, we have
t
Unp(t) < 2(1/ Y (u) du + 272, (5.15)
0

We note that ¢o(u) = [ E[|D,Y.\”|? ds = u*# < 2T2H. Then, we have

2Ct

2T2H
1 +

2T2H

Ui(t) < ACT* i 42T, (1) < 2777 (2glt>

and

<2T2HZ 2Ot .
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Consequently,
t
supE {/ |D5Y;(n)|2ds] = sup ¥, (t) < 272727 < oo,
n 0 n

By Lemma 1.2.3 in [9], we deduce that ¥; € D'? (and DY,"” — DY, in the weak topology
of L?(2, L*[0,T])). Applying the operator D to the equation (5.6) we deduce

t
D,Y; = 1pq(s) (/ Al (u,Y,) DY, du + KH(t,s)) ) (5.16)

Solving the equation (5.16) with the initial condition DY, = K (s, s) = 0, we have

¢ ¢
D,Y; = / (Kg)i(v,s)exp (/ A;(U,Yu)du) dv, s<t.

On the other hand, by simple computations we deduce

Ay = (0= 72 = D) w6ty = (3~ 72 - D) ),

g g

hence

t t bOl U,
z%m:/YKmﬁu@mp(/(%——2——0(%X@m0du 0<s<t.

o o

The claim follows noticing that from the relation X; = G(¢,Y;) and Proposition 1.2.3 in [9]
we have (X;)epr € DV? and

DX, = G,(t,Y;)D,Y; = o(t, X;) D,Y;.

O

For the sake of completeness we recall the related bounds proved in [2]. They considered a

stochastic differential equation of the form

t t
Xt:x0+/ V[)(Xs)ds+/ Vi(X)dBE, teo,1], (5.17)
0 0

and proved the following two Gaussian estimates for the density of X;: (i) If Vi =0 > 0 is
a positive constant, V; is such that M := sup, |Vy(2)| € (0,00) and H € (0,1) then, for
any t € (0, 1], the density px, of X; satisfies
Bl X — E|X — E[X}])? E[|X; — E|X — E[X}])?
6B o (LB BB (IR,

ci02t2H oo 2t2H coo2t2H ci02t2H

(5.18)
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for any x € R and some constants ¢q, ¢y > 0 depending only on M and H, see Theorem 3.2
in [2]; (ir) If H € (1/2,1), Vo, V1 € CL(R) and ¢ < inf,eg |Vi(z)| < sup,er [Vi(z)| < C, for
some constants ¢, C' > 0, then, for any ¢ € [0, 1], the density px, of X satisfies

2 2

C’I\/ﬁexp (—C’l(xz_t—;{o)) < px,(x) < m exp (_02@2_1;—2i0)> . (5.19)
for any € R and some constants C, Cy > 0, see Theorem 4.2 in [2].

Note that the stochastic differential equation (5.2) that we considered is more general
than (5.17) since we allow the drift and diffusion coefficients to depend on the time. In
this generality we are able to prove existence and uniqueness of a strong solution to (5.2)
under Assumption 5.1 which in turn requires H € (1/2,1). For this reason our Gaussian
estimates hold only if the Hurst parameter lies in (1/2,1). Note that the estimates (5.3) are
similar to the estimates (5.18), indeed the derivation of both these inequalities is based on
Theorem 3.1 in [8] (see Proposition 2.1). In particular, note that if 7' = 1, b(t,x) = b(z),
M = sup,cg |/(z)| and o(t,z) = o then the estimates (5.3) coincide with the estimates
(5.18) with ¢; := 272 and ¢, := 2e?M. Finally, we note that the estimates (5.3) are different
from the estimates (5.19), which are indeed obtained by using Malliavin type techniques
which do not rely on Theorem 3.1 in [8].
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