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Abstract:

In this work we revisit the problem of the hedging of contingent claim using mean-square 

criterion. We prove that in incomplete market, some probability measure  can be 

identified so that  becomes -martingale under . This is in fact a new 

proposition on the martingale representation theorem. The new results also identify a 

weight function that serves to be an approximation to the Radon-Nikodým derivative of the 

unique neutral martingale measure Q .

PQ ~

}{ nS }{ nF Q
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1. Introduction

The activity of a stock market takes place usually in discrete time. Unfortunately such 

markets with discrete time are incomplete, so the traditional pricing and hedging of 

contingent claim are usually not applicable. 

The purpose of this work is to propose a simple method for hedging a contingent claim or 

an option in mean-variance criterion.

(a) Let , be a sequence of discounted stock prices defined on a 

probability space , and 

d

nn SNnS R,,,1,0,

P,, F NnFn ,,1,0,  be a sequence of  sigma-algebras of 

information available up to the time n. 

(b) An -measurable random variable nF H  is called a contingent claim that in the case 

of a standard call option )0,max( KSH n .

(c) The portfolio }.,2,1,{ Nnn  with , where  is the number

of securities of type j kept by the investor in the time interval 

),,( 21 j

nnnn

j

n

),1[ nn . n  is -

measurable (based on the information available up to the time

)1(nF

1n ). Thus, n  is said to 

be predictable . 

(d) Suppose that )(, 21 PLHSSS nnn ,

(e)  is gain with 
n

k

kkn SG
1

)(
d

j

j

k

j

kkk VSS
1

The traditional problem is to find constant c and }.,2,1,{ Nnn , such that
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min)(
2

NGcHEP (1.1)

Definition 1. minimizes the expectation in (1.1) is called an optimal

strategy in the mean square criterion corresponding to initial capital .

))(()( ** cnn

c

Problem (1.1) has been investigated in a number of works such as Föllmer and Schweiser 

(1991), Schweiser (1995, 1996), Schäl (1994), and Nechaev (1998). However, the solution 

for (1.1) has been very complicated as  is not a -martingale under P.}{ nS }{ nF

When  is -martingale under some measure , we can find }{ nS }{ nF PQ ~ ,c  such that: 

min)(
2

NGcHEQ (1.2)

The solution of this problem may be simple enough, and the construction of an optimal

strategy is much easier in practice. 

We notice that if PQ ddLN /  then 

NNN LGcHEGcHE
22

)()( PQ (1.3)

can be considered a weighted expectation under P of 
2

NGcH  with the weight .

This is similar to the pricing of asset based on a neutral martingale measure.

NL

In this work we give a solution of the problem (1.3) and a martingale representation 

theorem in the case of discrete time.

2. Defining the optimal portfolio 

Let Q be a probability measure such that Q is equivalent to P, and under Q,

 is a martingale, then},,2,1,{ NnS N

)(,),()( HEHHHFXEXE nnNNn Q

Theorem 1. If  is a d

nn SNnS R,,,1,0, nF Q then 

22*

0 ))((min))(( NN GcHEGHHE QQ , (2.1)

Where

(2.2)
..})])[var({(

})])[var({(
1

1

1

1

*

saSSHE

SSHE

nnn

nnnnn

P

with the convention that 0/0 = 0. 

Proof. We shall prove the theorem only for the case 1d . We note that: 

NN HHHH 10  and 
2

1

2

1

2

1

2

1 )()(2)()( nnnnNnnNnnnNn SESHEHESHE

This expression takes the minimum value when .*

nn

Furthermore, we have: 
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3. The martingale representation theorem

Theorem 2. Let ,},1,0,{ nH n },1,0,{ nSn  be random variables defined on the 

same probability space , . We denote P,, F ),,( 0 n

S

n SSF ),( PS  a set of the 

probability measure  such that , and that Q PQ ~ nS  is S

nF -martingale under Q .

Thus, if  and if )(,, 2
0

PLSHFF nn

S

n
n

nH  is also a martingale under , we have: Q

           1. (3.1)
n

k

nkkn CSHH
1

0 a.s.,

where  is nC S

nF - -martingale orthogonal to the martingaleQ nS , that is 

, whereas ,2,1,0,01 nSCE nnn n  is S

nF -predictable.

           2. (3.2)
n

k

Nkkn GHSHH
1

00 a.s.-),(: P

for all  finite iff the set  consists of only one element.n ),( PS

Remark 1. By the fundamental theorem of mathematical finance, a stock market has no 

arbitrage opportunity and is complete iff ),( PS  consists of only one element and in this 

case we have (3.2) with  being defined by (2.2). Furthermore, in this case the conditional 

probability distribution of  given nS S

nF 1  concentrates at 1d  points of d
R (see [2]) .

4. Examples

Example 1. Let us consider a stock with the discounted price  at 0S 0t ,  at ,

where:

1S 1t

302
1

32132120

102
3

1

prob.with

.1,0,,prob.with

prob.with

pS

pppppppS

pS

S

Suppose that there is an option on the above stock with the maturity at  and with 

strike price . We shall show that there are several probability measures

such that under ,  is a martingale, or equivalently 

1t

0SK PQ ~

Q 10 , SS 0)( 1SEQ .

In fact, suppose that  is a probability measure such that under Q ,  takes the values of Q 1S

02
3 S , ,0S 02

1 S , with the positive probabilities , respectively, then: 321 ,, qqq
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313101 02/)(0)( qqqqSSEQ .

Therefore, Q  is defined by ,111 ,21, qqq
2
1

10 q .

In the above market, the payoff of the option is: 

)0,max()()( 111 SSKSH .

Apparently, it is feasible to construct an optimal portfolio with: 

.
2

)(

2

1

)(

)(

01

2

1

1*

Sq
HE

SE

SHE

Q

Q

Q

Example 2. A semi-continuous market model, which is discrete in time, but continuous in 

state. Now, let us consider a financial market with two assets: 

(a) A risk-less asset  which exhibits a dynamics given by (4.1): },,1,0,{ NnBn

(4.1)10,exp
1

k

n

k

kn rrB

(b) A risky asset  given by the following dynamics},,1,0,{ NnSn

(4.2)
n

k

kkkn gSSSS
1

110 ])()([exp

where  is a sequence of an  random variable. It follows 

directly from (4.2) that 

},,1,0,{ Nngn )1,0(~ NNIID

,2/)()()(

,)()(exp

1

2

11

111

nnn

nnnnn

SSaS

gSSSS
(4.3)

with  given, and 0S )(),( xxa  being some functions defined on ),0[  . 

The discounted price of risky asset  is: nnn BSS /
~

(4.4)
n

k

kkkkn gSrSSS
1

110

~

])()([exp

We now find a martingale measure Q  for this model.

It is easy to see that , for , hence )2/exp()}{exp( 2

kgEP )1,0(~ Ngk

(4.5)1)()(exp
1

1

2

1

n

k

kkkkk SgSE

Thus, putting

, (4.6)NnSgSL
n

k

kkkkkn ,,1,)()(exp
1

1

2

1

and if  is a measure such that 1

~~

/ nn SS PQ dLd N , then Q is also a probability measure. In 

addition, we see that 

. (4.7)nnnnnn gSrSSS )()(exp/ 111

~~
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Denoting by  expectations corresponding to , and EE , QP, S

nn FEE )()( , then 

choosing

)(

)(

1

1

n

nn
n

S

rSa
 , (4.8)

then 1/// 11

~~

1

~~

1 n

S

nnnnnnn LFSSLESSE , which implies  is a martingale

under Q . Also, under Q ,  can be represented in the form

nS
~

nS
*

11

*

1 )()(exp nnnnn gSSSS (4.9)

Where  is a Gaussian . It is not easy to 

show the structure of  for this model. We can choose the probability measure

or the weight function  to find the optimal portfolio. 

nnnnnn ggSrS *

1

2

1

* ,2/)()( )1,0(N

),( PS Q

NL

Remark 2. The models (4.1), (4.2) are that of discretization of the following diffusion 

model. Let us consider a financial market with continuous time of two assets : 

(a) A risk-less asset: , and 
t

o

t duurB )(exp

(b) A risky asset: ttttt dWSdtSaSdS )()( ,  is given, or 0S

. (4.10)TtdWSduSSaS

t

uu

t

o

uut 0,)(2/)()(exp
0

2

Putting

(4.11)2/)()()( 2 SSaS

and dividing  into  equal intervals ],0[ T N },,2,,0{ N , where   sufficiently

large, it follows from (4.10),(4.11) that 

/TN

nnnn

nnnn

n

n

uu

n

n

unn

gSSS

WWSSS

dWSduSSS

2/1

)1()1()1(

)1()1()1()1(

)1()1(

)1(

)()(exp

])[()(exp

)()(exp

where  is a sequence of the  random variables. Thus, we 

obtain the model:

Nngn ,,1, )1,0(~ NNIID

nnnnn gSSSS 2/1

)1()1()1( )()(exp . (4.12)

Similarly we have 

. (4.13)nnn rBB exp)1(

According to (4.10) ,the discounted price of the stock  istS

t

uu

t

uuttn dWSdurSSBSS
00

0

~

)()(exp/ .

The unique probability measure Q  under which  is a martingale is defined byQ,,
~

S

tt FS
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)(:exp/
0

2

2
1

0

T

T

u

T

uu

S

t LdudWFdd PQ , (4.14)

where )(/))(( ssss SrSa , and under Q, then:  is a Wiener

process. It is obvious that  can be approximated by:

t

utt duWW
0

*

TL

(4.15)
N

k

kkkN gL
1

22/1 2/exp

where

)(/)( )1()1( nnnn SrSa (4.16)

Therefore, the weight function (4.14) is an approximation to a Radon-Nikodým derivative 

of the unique neutral martingale measure Q  to , where  can be used to price such 

derivatives.

P Q

4. Further problems to be investigated 

We realize that further problems that could arise in these models are the following: 

1) We have to show that for the weight function (4.15) 

0))(( 2*

0 NGHHEQ  as N  or 0

2) Which neutral martingale measure  is the nearest one with the subjective measure

in the semi-continuous model?

Q P
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